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Abstract
A new algorithm for computing a comprehensive Gr\"obner system is given. Suzuki-Sato’s and
Kapur-Sun-Wang’s algorithms for computing comprehensive Gr\"obner systems, are based on stability
of $Gr6bner$ bases of ideals under specializations (Kalkbrener’s results). Each algorithm has a different
stable condition of Gr\"obner bases. In order to compute comprehensive Gr\"obner systems efficiently, it
is important to apply good stable conditions. In this paper, we introduce a new stable condition which
is stronger than $Kapur-Sun-Wang$ ’s one. Furthermore, we improve Kapur-Sun-Wang’s algorithm for






1992 Weispfenning [14] 10 CGS
CGS 21 10
Kapur-Sun-Wang, Montes, Nabeshima, Sato, Suzuki, Weispfenning
[6,8,9,10,12,13,15].
CGS “ ”(Kalkbrener [4])
CGS
Kapur-Sun-Wang
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2
$\overline{A}:=\{A_{1}, \ldots, A_{m}\}$ $\overline{X}:=\{X_{1}, \ldots, X_{n}\}$ $m$ $n$
$A\cap\overline{X}=\emptyset$ $K$ $L$ $K$ $pp(X),$ $pp(\overline{A}),$ $pp(\overline{A}, X^{-})$
$\overline{X},$ $A,\overline{A}\cup\overline{X}$
$\prec x^{-},\lambda$ PP$(A, X)$ $\overline{A}$ (
) $\prec x^{-}$ $\prec\overline{A}$ $\prec x^{-}$ , $\prec x^{-}$ pp(X)
$\prec_{\overline{A}}$ pp$(A)$
$f\in K[\overline{A}][\overline{X}]$ ( $K[\overline{A}]$ ) $\prec x^{-}$ $f$ (lead-
ing power product), (leading coeffcient), (leading monomial)
$1pp_{X^{-}}(f),$ $1c_{X^{-}}(f),$ $1m_{X^{-}}(f)$ $f$ $K[\overline{A}, X^{-}]$
$\prec x^{-},\overline{A}$ $f$ $1pp_{X^{-},\overline{A}}(f),$ $1c_{X^{-},\overline{A}}(f),$ $1m_{X^{-},\overline{A}}(f)$ $F$
$K[\overline{A}][\overline{X}]$ $1c_{X^{-}}(F)$ $:=\{1c_{X^{-}}(f)|f\in F\},$ $1pp_{X^{-}}(F)$ $:=\{1pp_{X^{-}}(f)|f\in F\}$
$\mathbb{Q}$
$\mathbb{C}$
$a,$ $b,$ $x,$ $y$ $f=2ax^{2}y+bx^{2}y+3x+$ $+1$ $f$
$\mathbb{Q}[a, b, x, y]$ $\prec\{x,y\},\{a,b\}$ $(b\prec\downarrow ex a\ll y\prec\iota_{ex}x, [\succ\iota_{ex} ])$
: $1pp(f)_{\{x,y\},\{a,b\}}=ax^{2}y$ , lc $\{x,y\},\{a,b\}(f)=2,1m_{\{x,y\},\{a,b\}}(f)=2ax^{2}y$ $f$




$f_{l}\in R$ ( $R$ )
$\langle fi,$
$\ldots,$
$fi \rangle:=\{\sum_{i=1}^{s}h_{i}f_{i}|h_{1}, \ldots, h_{S}\in R\}$
$\overline{a}\in L^{m}$ (specialization homomorphism) $\sigma_{\overline{a}}:K[\overline{A}]arrow L$
$\sigma_{\overline{a}}:K[\overline{A}|[\overline{X}|arrow L[X]$
$\sigma$ $I\in K[\overline{A}|[\overline{X}]$ $\sigma(I)$ $:=\{\sigma(f)|f\in I\}\subseteq L[\overline{X}]$
$\overline{a}$ $f=abx^{2}y+xy+ax+$ $+2\in$




$f_{k}\in K[\overline{A}]$ $\mathbb{V}(f_{i}, \ldots, f_{k})$ $\mathbb{V}(fi, \ldots, f_{k}):=$
$\{\overline{a}\in L^{m}|f_{i}(\overline{a})=\cdots=f_{k}(\overline{a})=0\}$
1(CGS). $F$ $K[A][X]$ $\mathcal{A}_{1},$ $\ldots,$ $\mathcal{A}_{l}$ $L^{m}$ $G_{1},$ $\ldots,$ $G_{l}$ $K[A][X]$
$S$ $S\subseteq \mathcal{A}_{1}\cup\cdots\cup$ $L^{m}$
$\mathcal{G}=\{(\mathcal{A}_{1}, G_{1}), \ldots, (\mathcal{A}_{l}, G_{l})\}$ $S$ $F$ (CGS) $\overline{a}\in$
$\sigma_{\overline{a}}(G_{i})$ $L[X]$ $i=l,$ $\ldots,$ $l$ $\langle\sigma_{\overline{a}}(F)\rangle$ $(\mathcal{A} , G_{i})$ $\mathcal{G}$
$S=L^{m}$ $\mathcal{G}$ $F$
$V(fi, \ldots, f_{k})\backslash \mathbb{V}(g_{1}, \ldots, g_{l})\subseteq L^{m}$ ( $f_{1},$ $\ldots,$ $f_{k},$
$g_{1},$ $\ldots,$
$g\iota\in K[\overline{A}|$ ).






3 (Kalkbrener (1997) [4]). $K[\overline{A}]$ $L$ $\sigma$ $I$ $K[\overline{A}][\overline{X}]$
$G=\{g_{1}, \ldots , g_{8}\}$ pp(X) $\prec$ $I$ $g_{i}$
$r\in\{1, \ldots, s\}$
. $i\in\{1, \ldots, r\}$ $\sigma(1c_{X^{-}}(g_{i}))\neq 0$. $i\in\{r+1, \ldots, s\}$ $\sigma(1c_{X^{-}}(g_{i}))=0$
3
(1) $I$ $\sigma$ $\succ$
(2) $\{\sigma(g_{1}), \ldots, \sigma(g_{r})\}$ $\succ$ $\sigma(I)$
(3) $i\in\{r+1, \ldots, s\}$ $\sigma(g_{i})$ $\{\sigma(g_{1}), \ldots, \sigma(g_{r})\}$ $0$
3 Kapur-Sun-Wang 1
Kapur-Sun-Wang CGS
4 (Kapur-Sun-Wang [6]). $G$ $F\subset K[\overline{A}, X^{-}]$ $G$
$\overline{A}\ll$ Noncomparable $(F)=G$
(i) $\forall f\in F,$ $\exists g\in Gst.$ $1pp_{X^{-}}(g)|1pp_{X^{-}}(f)$ .
(ii) 2 $g_{1},$ $g_{2}\in G$ $1pp_{X^{-}}(g_{1})\nmid 1pp_{\overline{X}}(g_{2}),$ $1pp_{X^{-}}(g_{2})\nmid 1pp_{X^{-}}(g_{1})$
$\langle$lpp$x^{-}($Noncomparable$(G)\rangle=\langle 1pp_{X^{-}}(G)\rangle$ Noncomparable$(G)$
Kapur-Sun-Wang CGS
5 (Kapur-Sun-Wang [6]). $G$ $I\subset K[A, X^{-}]$ $\prec x^{-},A$
$G_{r}=G\cap K[\overline{A}],$ $G_{m}=$ Noncomparable $(G\backslash G_{r})$ $G_{m}=\{g_{1}, \ldots, g_{s}\}$
$\overline{a}\in \mathbb{V}(G_{r})\backslash (\mathbb{V}(1c_{X^{-}}(g_{1}))\cup \mathbb{V}(1c_{X^{-}}(g_{2}))\cup\cdots\cup \mathbb{V}(1c_{X^{-}}(g_{S})))$ $\sigma_{\overline{a}}(G_{m})$ $\sigma_{\overline{a}}(I)$ $\prec x^{-}$
$($ : $\mathbb{V}(1c_{X^{-}}(g_{1}))\cup\cdots\cup \mathbb{V}(1c_{X^{-}}(g_{s}))=\mathbb{V}(1c_{X^{-}}(g_{1})\cdots 1c_{X^{-}}(g_{s}))$ $)$
$(\mathbb{V}(G_{r})\backslash (\mathbb{V}(1c_{X^{-}}(g_{1}))\cup\cdots\cup \mathbb{V}(1c_{X^{-}}(g_{s}))))4$ Suzuki-Sato, Nabeshima
Kapur-Sun-Wang Suzuki-Sato, Nabeshima CGS
CGS
K-S-$W$ (Kapur-Sun-Wang [6])
Input: $(E, N, F),$ $\prec x^{-},\overline{A}^{;}E,$ $N,$ $K[\overline{A}]$ ; $F,$ $K[\overline{A},\overline{X}]$ ; $\prec x^{-},\overline{A}$ ,
Output: $(E_{i}, N_{i}, G_{i})$ ; $\{(\mathbb{V}(E_{i})\backslash \mathbb{V}(N_{i})), G_{i}\}$ $\mathbb{V}(E)\backslash \mathbb{V}(N)$ $F$ (minimal) CGS
BEGIN
if $\mathbb{V}(E)\backslash V(N)=\emptyset$ then retu rn $\{\}$ ; end-if;
G $arrow$ ReducedGr\"obnerBasis $(F\cup E, \prec_{\overline{X},\overline{A}})$ ;
if $1\in G$ then return $\{E, N, \{1\}\}$ ; end-if;
$G_{r}arrow G\cap K[\overline{A}]$ ;
31
if $(\mathbb{V}(E)\backslash \mathbb{V}(G_{r}))\backslash V(N)=\emptyset$ then $\mathcal{P}\mathcal{G}\mathcal{B}arrow\{\}$ ;
else $\mathcal{P}\mathcal{G}\mathcal{B}arrow\{E, G_{r}\wedge N, \{1\}\}$ ; end-if;
if $\mathbb{V}(G_{r})\backslash \mathbb{V}(N)=\emptyset$ then return $\mathcal{P}\mathcal{G}\mathcal{B}$ ; else
$G_{m}arrow$ Noncomparable $(G\backslash G_{r})$ ;
$\{h_{1}, \ldots, h_{S}\}arrow\{1c_{X^{-}}(g)|g\in G_{m}\};harrow 1cm\{h_{1}, \ldots, h_{s}\}$ ;
if $(\mathbb{V}(G_{r})\backslash \mathbb{V}(N))\backslash \mathbb{V}(h)\neq\emptyset$ then
$\mathcal{P}\mathcal{G}\mathcal{B}arrow \mathcal{P}\mathcal{G}\mathcal{B}\cup\{(G_{r},$ $N\wedge\{h\},$ $G_{m}\}$
end-if
$\mathcal{P}\mathcal{G}\mathcal{B}arrow \mathcal{P}\mathcal{G}\mathcal{B}\cup NEW(G_{r}\cup\{h_{1}\}),$ $N,$ $G\backslash G_{r})\cup$
NEW$(G_{r}\cup\{h_{2}\}, N\wedge\{h_{1}\}, G\backslash G_{r})\cup NEW(G_{r}\cup\{h_{3}\}, N\wedge\{h_{1}h_{2}\}, G\backslash G_{r})$




$( :A\wedge B=\{fg|f\in A, g\in B\})$
Kapur-Sun-Wang $(K-S-W)$
6. $F=\{ax^{2}-xy+y^{2}, bxy+y, ax^{2}-y, (b+1)xy^{2}+ax\}\subset \mathbb{C}[a,$ $b|[x,y]$ $a,$ $b$
$x,$ $y$ $\prec\{x,y\},\{a,b\}$ $(pp(a, b)\ll pp(x, y)),$ $y\prec\downarrow ex^{X},$ $a\prec_{tdr}b$
$\prec\iota_{ex}$ $\prec tdr$ Kapur-Sun-Wang
$F$ CGS
(1) $\langle F\rangle$ $\mathbb{C}[a, b][x,$ $y|$
$G=\{(a+b^{2}+b)y,$ $((-b+2)a-1)y,$ $(a^{2}+6a-b-3)y,$ $-y^{2}+(a+2b+1)y,$ $ax+$
$xy+(-a-2b-2)y\}$ Noncomparable(G) 3
$\{ax+l_{J}y, (a+b^{2}+b)y\},$ $\{ax+/yy, ((-b+2)a-1)y\},$ $\{ax+l_{J}y, (a^{2}+6a-b-3)y\}$ Noncomparable $(G)$
Noncomparable$(G)$ 1 3 1
$\{ax+$ $, (a+b^{2}+b)y\}$
5 CGS 1 $\{\mathbb{C}^{2}\backslash \mathbb{V}(a(a+b^{2}+b)), \{ax+$ $, (a+b^{2}+b)y\}\}$
2 $\{a=0\}$ $\{a+b^{2}+b=0, a\neq 0\}$
(2) $\{a=0\}$ $\langle G\cup\{a\}\rangle$ $G_{2}=\{a, y\}$ $G_{21}=$
$G_{2}\backslash (G_{2}\cap \mathbb{C}[a, b])=\{y\}$ lc $\{x,y\}(y)=\mathbb{V}(1)=\emptyset$ 1
$\{\mathbb{V}(a), \{y\}\}$ $1c_{\{x,y\}}(G_{21})=\emptyset$
(3-1) $\{a+b^{2}+b=0, a\neq 0\}$ $\langle G\cup\{a+b^{2}+b\}\rangle$ $G_{3}=\{a+b^{2}+$
$b,$ $((-b+2)a-1)y,$ $(a^{2}+6a-b-3)y,$ $-y^{2}+(a+2b+1)y,$ $ax+fyy,$ $xy+(-a-2b-2)y\}$
$G_{31}=G_{3}\backslash (G_{3}\cap \mathbb{C}[a, b])=\{(a^{2}+6a-b-3)y,$ $((-b+2)a-1)y,$ $-y^{2}+(a+2b+1)y,$ $ax+by,$ $xy+$
$(-a-2b-2)y\}$ 2 $\{ax+by, (a^{2}+6a-b-3)y\},$ $\{ax+$ $, ((- b+2)a- l)y\}$
Noncomparable$(G_{31})$ $\{ax+by, (a^{2}+6a-b-3)y\}$
lc$\{x,y\}(ax+f_{1}y)=a$ , lc$\{x,y\}((a^{2}+6a-b-3)y)=a^{2}+6a-b-3,$ $\mathbb{V}(a+b^{2}+b)\backslash \mathbb{V}(a)$
$\{\mathbb{V}(a+b^{2}+b)\backslash \mathbb{V}(a(a^{2}+6a-b-3)), \{ax+$ $, (a^{2}+6a-b-3)y\}\}$
$a^{2}+6a-b-3=0$ CGS
(3-2) $\{a+b^{2}+b=0, a^{2}+6a-b-3=0, a\neq 0\}$ $\langle G\cup\{a+b^{2}+b, a^{2}+6a-b-3\}\rangle$
32
$G_{4}=\{a+b^{2}+b, a^{2}+6a-b-3, ((-b+2)a-1)y, -y^{2}+(a+2b+1)y, -x+(-a-3b)y\}$
$G_{32}=G_{4}\backslash (G_{4}\cap \mathbb{C}[a, b])=\{((-b+2)a-1)y, -y^{2}+(a+2b+1)y, -x+(-a-3b)y\}$
Noncomparable $(G_{32})=\{((-b+2)a-1)y, -x+(-a-3b)y\}$ lc$\{x,y\}(((-b+2)a-1)y)=$
$(-b+2)a-1,$ $\mathbb{V}(a+b^{2}+b, a^{2}+6a-b-3)\backslash \mathbb{V}(a)$ $\{\mathbb{V}(a+b^{2}+b,$ $a^{2}+6a-$
$b-3)\backslash \mathbb{V}(a(a^{2}+6a-b-3)((-b+2)a-1),$ $\{((-b+2)a-1)y, -x+(-a-3b)y\}$
$(-b+2)a-1=0$
(3-3) $\{a+b^{2}+b=0, a^{2}+6a-b-3=0, (-b+2)a-1=0, a\neq 0\}$ $\langle G\cup\{a+b^{2}+b,$ $a^{2}+6a-b-$
$3,$ $(-b+2)a-1\}\rangle$ $G_{5}=\{a+b^{2}+b,$ $(-b+2)a-1,$ $a^{2}+6a-b-3,$ $-y^{2}+(a+2b+$
$1)y,$ $-x+(-a-3b)y\}$ $G_{33}=G_{5}\backslash (G_{5}\cap \mathbb{C}[a, b])=\{-y^{2}+(a+2b+1)y, x+(a+3b)y\},$
Noncomparable$(G_{33})=G_{33}$ $\mathbb{V}(1c_{\{x,y\}}(-y^{2}+(a+2b+1)y))=\mathbb{V}(1c_{\{x,y\}}(x+(a+3b)y))=\emptyset$
$\mathbb{V}(a+b^{2}+b, a^{2}+6a-b-3, (-b+2)a-1)\cap \mathbb{V}(a)=\emptyset$ $\{\mathbb{V}(a+b^{2}+$
$b,$ $a^{2}+6a-b-3,$ $(-b+2)a-1),$ $\{-y^{2}+(a+2b+1)y, x+(a+3b)y\}\}$ $F$ CGS
$F$ CGS 4 :
$\{\{\mathbb{C}^{2}\backslash \mathbb{V}(a(a+b^{2}+b)), \{ax+f_{J}y, (a+b^{2}+b)y\}\},$ $\{\mathbb{V}(a), \{y\}\},$
$\{\mathbb{V}(a+b^{2}+b)\backslash \mathbb{V}(a(a^{2}+6a-b-3)), \{ax+by, (a^{2}+6a-b-3)y\}\},$
$\{V(a+b^{2}+b, a^{2}+6a-b-3)\backslash \mathbb{V}(a(a^{2}+6a-b-3)((-b+2)a-1),$ $\{((-b+2)a-1)y, -x+(-a-3b)y\},$
















7. $F$ $K[\overline{A}, X^{-}]$ $\overline{A}$ $\overline{X}$ $1pp_{X^{-}}(F)$
(minimal basis) MBlpp$(F)$
MBlpp$(F)=\{1pp_{\overline{X}}(f)|1pp_{X^{-}}(g)\nmid 1pp_{X^{-}}(f), 1pp_{\overline{X}}(g)\neq 1_{PPx^{-}}(f), f, g\in F\}.$
MBlpp$(F)$ $\langle 1pp_{X^{-}}(F)\rangle$
$\langle$MBlpp$x^{-}(F)\rangle=\langle 1pp_{X^{-}}$ (Noncomparable $(F)\rangle=\langle 1pp_{X^{-}}(F)\rangle$
MBIPP$(F)$
$F=\{ax^{2}-y, ay^{2}-1, ax-1, (a+1)x-y, (a+1)y-1\}\subset \mathbb{Q}[a, x, y]$
$a\prec y\prec x$ $F_{1}=\{ax-1, (a+1)y-a\}$ $F_{2}=\{(a+1)x-y, (a+1)y-a\}$
Noncomparable $(F)$ $\{x, y\}$ MBlpp$(F)$ $\langle 1pp_{x^{-}}(F)\rangle=\langle 1pp_{x^{-}}$ ( ) $\rangle=$
$\langle 1pp_{X^{-}}(F_{2})\rangle=\langle MBlpp(F)\rangle=\langle x,$ $y\rangle$
8. $G$ $I\subset K[\overline{A}, X^{-}]$ $\prec x^{-},\overline{A}(A\ll X)$
$G_{r}=G\cap K[\overline{A}]$ , MBlpp$(G\backslash G_{r})=\{p_{1},p_{2}, \ldots,p_{s}\}$ $1\leq i\leq s$ $G_{p_{i}}=\{f\in$
$G|1pp_{X^{-}}(f)=p_{i}\}$ $\overline{a}\in \mathbb{V}(G_{r})\backslash (V$(lc $x^{-}(G_{p_{1}})\cup \mathbb{V}(1c_{\overline{X}}(G_{P2})\cup\cdots u\mathbb{V}$(lcg $(G_{p_{\delta}})$ )
$\sigma_{\overline{a}}(G_{p_{1}}\cup G_{p_{2}}\cup\cdots\cup G_{p_{\epsilon}})$ $\prec x^{-}$ $L[X]$ $\sigma_{\overline{a}}(I)$
$( : V=\mathbb{V}(fi, \ldots, f_{s}),$ $W=\mathbb{V}(g_{1}, \ldots,g_{t})$ $V\cup W=\mathbb{V}(f_{ig_{j}} : 1\leq i\leq s, 1\leq i\leq t)$ $)$
[4] Theorem 3
5 5 $V:=\mathbb{V}(G_{r})\backslash (\mathbb{V}(1c_{X^{-}}(g_{1}))\cup\cdots\cup \mathbb{V}(1c_{X^{-}}(g_{s})))$
8 $W:=\mathbb{V}(G_{r})\backslash (\mathbb{V}(1c_{\overline{X}}(G_{P })\cup\cdots\cup \mathbb{V}(1c_{\overline{X}}(G_{P\epsilon}))$ $1\leq i\leq s$
$1c_{X^{-}}(g_{i})\in 1c_{X^{-}}(G_{P:})$ $\mathbb{V}(1c_{x^{-}}(G_{p_{i}}))\subset \mathbb{V}(1c_{X^{-}}(g_{i}))$ $V\subset W$
5 Kapur-Sun-Wang
NEW
Input: $(E, N, F),$ $\prec_{X^{-},\overline{A}}:E,$ $N,$ $K[\overline{A}]$ ; $F,$ $K[\overline{A}, X^{-} ]$ ; $\prec x^{-},\overline{A},\overline{A}\ll\overline{X}$
Output: $(E_{i}, N_{i}, G ; \{(\mathbb{V}(E_{i})\backslash \mathbb{V}(N_{i})), G_{i}\}$ $V(E)\backslash \mathbb{V}(N)$ $\langle F\rangle$ CGS
BEGIN
if $\mathbb{V}(E)\backslash \mathbb{V}(N)=\emptyset$ then return $\{\}$ ; end-if,
G $arrow$ ReducedGr\"obnerBasis $(F\cup E, \prec_{X^{-},\overline{A}})$ ;
if $1\in G$ then return $\{E, N, \{1\}\}$ ; end-if;
$G_{r}arrow G\cap K[\overline{A}]$ ;
if $(\mathbb{V}(E)\backslash \mathbb{V}(G_{r}))\backslash \mathbb{V}(N)=\emptyset$ then
$\mathcal{P}\mathcal{G}\mathcal{B}arrow\{\}$ ; else
$\mathcal{P}\mathcal{G}\mathcal{B}arrow\{E, G_{r}\wedge N, \{1\}\}$ ;
end-if;
34
if $\mathbb{V}(G_{r})\backslash \mathbb{V}(N)=\emptyset$ then return $\mathcal{P}\mathcal{G}\mathcal{B}$ ; else





if $(\mathbb{V}(G_{r})\backslash \mathbb{V}(N))\backslash (\mathbb{V}(1c_{X^{-}}(G_{1})) u. . . u\mathbb{V}(1c_{X^{-}}(G_{s})))$ then
$\mathcal{P}\mathcal{G}\mathcal{B}arrow \mathcal{P}\mathcal{G}\mathcal{B}\cup\{(G_{r}, N\wedge 1c_{X^{-}}(G_{1})\wedge\cdots\wedge 1c_{X^{-}}(G_{s}),$ $G_{1}\cup\cdots\cup G_{s}\}$
end-if;
$\mathcal{P}\mathcal{G}\mathcal{B}arrow \mathcal{P}\mathcal{G}\mathcal{B}UNEW(G_{r}U1c_{X^{-}}(G_{1}), N, G\backslash G_{r})\cup$
$NEW(G_{r}\cup 1c_{X^{-}}(G_{2}), N\wedge 1c_{X^{-}}(G_{1}), G\backslash G_{r})\cup$
NEW$(G_{r}\cup 1c_{X^{-}}(G_{3}), N\wedge 1c_{X^{-}}(G_{1})\wedge 1c_{\overline{X}}(G_{2}), G\backslash G_{r})\cup$




$( : A\wedge B=\{fg|f\in A, g\in B\})$
[6,13]
CGS 8
9. 6 6 $F=\{ax^{2}-xy+y^{2}, bxy+y, ax^{2}-y, (b+1)xy^{2}+ax\}$
$\langle F\rangle$ $\prec\{x,y\},\{a,b\}$ $G=\{(a+b^{2}+b)y,$ $((-b+2)a-1)y,$ $(a^{2}+6a-$
$b-3)y,$ $-y^{2}+(a+2b+1)y,$ $ax+by,$ $xy+(-a-2b-2)y\}$
(1) MBlpp$(G)=\{x, y\}$ $G_{x}=\{ax+by\},$ $G_{y}=\{(a+b^{2}+b)y,$ $((-b+2)a-$
$1)y,$ $(a^{2}+6a-b-3)y\}$ $1c_{\{x,y\}}(G_{x})=\{a\},$ $1c_{\{x,y\}}(G_{y})=\{a+b^{2}+b,$ $(-b+2)a-1,$ $a^{2}+$
$6a-b-3\}$ 8 1 $\{\mathbb{C}^{2}\backslash (\mathbb{V}(a)\cup \mathbb{V}(a+b^{2}+b, (-b+2)a-1,$
$a^{2}+6a-b-3)),$ $G_{x}\cup G_{y}\}$ $F$ CGS 2 $\{a=0\}$
$\{a+b^{2}+b=0, (-b+2)a-1=0, a^{2}+6a-b-3=0, a\neq 0\}$
(2) $\{a=0\}$ $(I.e., 1m_{\{x,y\}}(G_{x})$ ). $\langle G\cup 1c_{\{x,y\}}(G_{x})\rangle$
$\prec\{x,y\},\{a,b\}$ $G_{1}=\{a, y\}$ $G_{11}=G_{1}\backslash (G_{1}\cap \mathbb{C}[a, b])=$
$\{y\}$ $1c_{\{x,y\}}(G_{11})=\mathbb{V}(1)=\emptyset$ 8 $\alpha\in \mathbb{V}(a)$ $\sigma_{\alpha}(G_{11})$
$\langle\sigma_{\alpha}(F)\rangle$ $1c_{\{x,y\}}(G_{11})=\emptyset$
(3) $\{a+b^{2}+b=0, (-b+2)a-1=0, a^{2}+6a-b-3=0, a\neq 0\}$ ( $I$ .e.,
$1m_{\{x,y\}}(G_{y})$ ). $\langle G\cup 1c_{\{x,y\}}(G_{y})\rangle$ $\prec\{x,y\},\{a,b\}$
$G_{2}=\{a+b^{2}+b, (-b+2)a-1, a^{2}+6a-b-3, y^{2}-(a+2b+1)y, x+(a+3b)y\}$
$G_{22}=G_{2}\backslash (G_{2}\cap \mathbb{C}[a, b])=\{y^{2}-(a+2b+1)y, x+(a+3b)y\}$ $1c_{\{x,y\}}(G_{22})=\mathbb{V}(1,1)=\emptyset$




$\{\{\mathbb{C}^{2}\backslash (\mathbb{V}(a)\cup \mathbb{V}(a+b^{2}+b, (-b+2)a-1, a^{2}+6a-b-3)), G_{x}\cup G_{y}\},$ $\{\mathbb{V}(a), G_{11}\},$








Figure 2 (1) $arrow(3)$







10. $S$ $F$ CGS $\mathcal{G}=\{(A_{1}, G_{1}), \ldots, (A_{l}, G\iota)\}$ $\mathcal{G}$ minimal $i=1,$ $\ldots,$ $l$
(i) $g\in G_{i},\overline{a}\in A_{i}$ $\sigma_{\overline{a}}(1c_{X^{-}}(g))\neq 0,$
(ii) $\sigma_{\overline{a}}(G_{i})$ $\langle\sigma_{\overline{a}}(F)\rangle\subset L[X]$ minimal





Kapur-Sun-Wang CGS $\mathcal{G}=\{(A_{1}, G_{1}), \ldots, (A_{t}, G_{l})\}$
$\overline{a}\in A_{i}$ $g\in G_{i}$ $\sigma_{\overline{a}}(1c_{X^{-}}(g))\neq 0$ Suzuki-Sato Nabeshima
2 minimal CGS
Kapur-Sun-Wang
NEW NEW minimal CGS minimal
CGS Suzuki-Sato Nabeshima
NEW $\overline{a}\in A_{i}$ $g\in G_{i}$ $\sigma_{\overline{a}}(1c_{X^{-}}(g))\neq 0$
NEW minimal CGS
$F\subset K[\overline{A}][\overline{X}]$ NEW $F$ CGS $\mathcal{G}=\{(A_{1}, G_{1}),$
$\ldots,$
$(A_{\iota}, G_{l})\}$ $(A_{i}, G_{i})$ 10 (i), (ii)
10 (i), (ii) $\mathcal{G}$ $A_{i}$ 10 (i), (ii)
“ 7”
Kapur-Sun-Wang Kapur-Sun-Wang
minimal CGS $A_{i}$ $\sigma$ $\sigma(G_{i})$
Kapur-Sun-Wang
“ ”
MINIMAL $A_{i}$ $F$ minimal CGS
MINIMAL
Input: $(E, N, G_{P1}\cup G_{p_{2}}\cup\cdots\cup G_{p_{s}})$ , NEW CGS 1 (
NEW ),
Output: $(E_{i}, N_{i}, G_{i})$ ; $\{(\mathbb{V}(E_{i})\backslash \mathbb{V}(N_{i})), G_{i}\}$ $\mathbb{V}(E)\backslash \mathbb{V}(N)$ $F$ minimal CGS
BEGIN
$\{fi, \ldots, f_{S}\}arrow$ $1\leq i\leq s$ $G_{p_{j}}$ 1 $f_{j}$
$\{h_{1}, \ldots, h_{s}\}arrow 1c_{X^{-}}(\{f_{1}, \ldots, f_{s}\});harrow 1cm\{h_{1}, \ldots, h_{s}\}$ ;
if { $\{(\mathbb{V}(E)\backslash \mathbb{V}(N))\backslash \mathbb{V}(h)\neq\emptyset$ then
$\mathcal{P}\mathcal{G}\mathcal{B}arrow$ $\{\{(\mathbb{V}(E)\backslash \mathbb{V}(N))\backslash \mathbb{V}($ $), \{f_{1}, \ldots, f_{s}\}\}\}$ ;
else $\mathcal{P}\mathcal{G}\mathcal{B}arrow\{\}$
end-if
$\mathcal{P}\mathcal{G}\mathcal{B}arrow \mathcal{P}\mathcal{G}\mathcal{B}\cup Mini_{-}main(E\cup\{h_{1}\}, N, (G_{p_{1}}, \cdots, G_{p_{\epsilon}}))$
UMini-main $(E\cup\{h_{2}\}, N\wedge\{h_{1}\}, (G_{p_{1}}, \cdots, G_{p}.)$
uMini main $(E\cup\{h_{3}\}, N\wedge\{h_{1}h_{2}\}, (G_{p_{1}}, \cdots, G_{p_{s}})$




Input: $(E, N, (G_{p_{1}}, G_{p_{2}}, \cdots, G_{p_{s}})):E,$ $N,$ $K[A]$ ; $G_{p_{i}},$ $K[\overline{A}, X^{-}]$ $(1\leq i\leq s)$ .
Output: $(E_{i}, N_{i}, G_{i})$ ; $\{(\mathbb{V}(E_{i})\backslash \mathbb{V}(N_{i})), G_{i}\}$ $\mathbb{V}(E)\backslash \mathbb{V}(N)$ $F$ minimal CGS
BEGIN
if $\mathbb{V}(E)\backslash \mathbb{V}(N)=\emptyset$ then return $\{\}$ end-if
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$G_{p_{i}}arrow$ $1\leq i\leq s$ $G_{p:}$ $E$ $(**)$
$\{f_{1}, \ldots, f_{S}\}arrow$ select $f_{j}$ from $G_{p_{j}}$ for each $1\leq j\leq s.$
$\{h_{1}, \ldots, h_{s}\}arrow 1c_{X^{-}}(\{fi, \ldots, f_{S}\});harrow 1cm\{h_{1}, \ldots, h_{s}\}$ ;
if { $\{(\mathbb{V}(E)\backslash \mathbb{V}(N))\backslash \mathbb{V}(h)\neq\emptyset$ then
$p\mathcal{G}\mathcal{B}arrow\{\{(V(E)\backslash V(N))\backslash \mathbb{V}(h), \{f_{1}, \ldots, f_{S}\}\}\};else\mathcal{P}\mathcal{G}\mathcal{B}arrow\{\}$
end-if
$\mathcal{P}\mathcal{G}\mathcal{B}arrow \mathcal{P}\mathcal{G}\mathcal{B}\cup Mini_{-}main(EU\{h_{1}\}, N, (G_{p_{1}}, \cdots, G_{p_{s}}))$
$\cup Mini_{-}main(E\cup\{h_{2}\}, N\wedge\{h_{1}\}, (G_{p_{1}}, \cdots, G_{p_{8}}))$
$\cup Mini_{-}main(E\cup\{h_{3}\}, N\wedge\{h_{1}h_{2}\}, (G_{p_{1}}, \cdots, G_{p_{\delta}}))$
$\cup\cdots\cup Mini_{-}main(EU\{h_{s}\}, N\wedge\{h_{1}\cdots h_{s}\}, (G_{p_{1}}, \cdots, G_{p_{\epsilon}}))$ ;
return $\mathcal{P}\mathcal{G}\mathcal{B}$ ;
END
Kapur-Sun-Wang ${\rm Min}$ -main $(**)$
$G_{p_{i}}\downarrow E$
$(1\leq i\leq s)$ . $\langle F\cup E)$ $G_{Pi}\downarrow E$
Kapur-Sun-Wang $M|N|$MAL
M $1N|$MAL
11. 9 9 $F$ CGS : $\{\{W, G_{x}\cup G_{y}\},$ $\{\mathbb{V}(a), G_{11}\},$ $\{\mathbb{V}(a+b^{2}+$
$b,$ $(-b+2)a-1,$ $a^{2}+6a-b-3),$ $G_{22}\}\}$ $W=\mathbb{C}^{2}\backslash (\mathbb{V}(a)\cup \mathbb{V}(a+b^{2}+b, (-b+2)a-1, a^{2}+6a-b-3))$
MINIMAL 2 $\{\mathbb{V}(a), G_{11}\}$ $\{V(a+b^{2}+b,$ $(-b+$
$2)a-1,$ $a^{2}+6a-b-3),$ $G_{22}\}$ $M|N|$MAL
$\{\mathbb{C}^{2}\backslash (\mathbb{V}(a)\cup \mathbb{V}(a+b^{2}+b, (-b+2)a-1, a^{2}+6a-b-3)), G_{x}\cup G_{y}\}$
(1) $G_{y}$ $(a+b^{2}+b)y,$ $G_{x}$ $ax+$ $W\backslash V(a(a+b^{2}+b))=\mathbb{C}^{2}\backslash \mathbb{V}(a(a+b^{2}+b))\neq\emptyset$
1 $\{\mathbb{C}^{2}\backslash V(a(a+b^{2}+b)), \{(a+b^{2}+b)y, ax+$ $\}\}$ $\mathbb{V}(a)\cap W=\emptyset$
$a=0$ $E=\{a+b^{2}+b\}$
(2) $E$ $G_{y}\downarrow E$ $G_{x}\downarrow E$
$G_{y}:=G_{y}\downarrow_{\{a+b^{2}+b\}}=\{(a^{2}+6a-b-3)y, ((-b+2)a-1)y\}$ $G_{x}:=G_{x}\downarrow_{\{a+b^{2}+b\}}=\{ax+f_{J}y\}$
$G_{y}$ $(a^{2}+6a-b-3)y,$ $G_{x}$ $ax+$ 1
$\{\mathbb{V}(a+b^{2}+b)\backslash \mathbb{V}(a(a^{2}+6a-b-3)), \{(a^{2}+6a-b-3)y, ax+$ $\}\})$ $E$
$E:=E\cup\{a^{2}+6a-b-3\}$
(3) $G_{y};=G_{y}\downarrow_{E}=\{((-b+2)a-1)y\},$ $G_{x};=G_{x}\downarrow_{E}=\{ax+$ $\}$ 1
$\{\mathbb{V}(a+b^{2}+b, a^{2}+6a-b-3)\backslash \mathbb{V}(a((-b+2)a-1),$$\{((-b+2)a-1)y, ax+$ $\}$
$V(a+b^{2}+b, a^{2}+6a-b-3, (-b+2)a-1)\cap W=\emptyset$ MINIMAL
$F$ minimal CGS $\langle E\cup F\rangle$
10 (2) $F_{\sigma_{\overline{a}}}(G$ $\langle\sigma_{\overline{a}}(F)\rangle\subset L[\overline{X}|$ $G_{i}\subset$
$K(\overline{A})[\overline{X}]$ reduced CGS [13]
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minimal CGS reduced CGS $K(\overline{A})[\overline{X}]$
6
CGS
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